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A system of differential  equations is proposed for mass and heat  transfer in capi l lary-porous bodies. The 
pr incipal  thermophysical  characterist ics of mass and hea t  exchange in relat ion to building mater ia ls  and 
structures are discussed. 

Building mater ia ls  are moist  capi l lary-porous bodies, in which heat  transfer is inseparably associated with mass 
transfer of moisture (vapor and liquid) and air.  Therefore heat  transfer calculat ions relat ing to building mater ia ls  must 
take mass transfer into account.  These calculat ions ca l l  for extensive use of machine  computat ion and the appl icat ion of 
general ized variable methods (s imil iar i ty  theory). It is therefore necessary to have a sufficiently rigorous ma themat i ca l  
formulation of the problem and a clear  understanding of the corresponding thermophysical  characterist ics.  

Phys!cal characterist ics of the system. Consider a capi l lary-porous body with a lyophil ic  skeleton, i . e . ,  one in 
which the walls of the capi l lar ies  and pores sorb gas, vapor and liquid; an osmotic-diffusion bond may then be formed 
between the substance sorbed and the skeleton. 

A system of this kind differs substantially from the dispersed media  models examined in classical  f i l trat ion theory. 

The substance bound by the capi l lary-porous skeleton may  be in the form of a liquid, vapor, inert  gas, solid, or 
supercooled liquid, depending on the conditions of mass and hea t  transfer. The freezing point  of a liquid varies over a 
wide range, depending on the type of bond between substance and skeleton. There is therefore always a certain amount 
of supercooled liquid (water) in capi l lary-porous bodies at temperatures below 0~ 

It should also be noted that in most cases the pores and capi l lar ies  are not comple t e ly  full of liquid or ice,  but 
par t ly  f i l led with a vapor-gas mixture.  To simplify the analysis we shall assume the liquid to be water withotit any dis- 
solved substance. The presence of dissolved substances modifies the mass transfer processes and causes a number of other 

effects. 

The main  parameter  of a capi l lary-porous mate r ia l  is its moisture content u, or the sum of the re la t ive  concentra-  

tions of the i - t h  bound substance (i = 1, 2, 3, 4), 

E ~ 1 2  
u = ui  . . . .  %-  (1) 

i Y Y i 

If shrinkage of the body is neglected,  the volume concentration of the skeleton will  equal the density of the abso- 
lutely  dry mate r ia l  (]~ = 70). If the skeleton walls are s l ightly hydrophilic,  and changes in the density of the liquid of the 
monomolecular  adsorbed layer are neglected,  then the amount of moisture in the phys ico -mechan ica l  bond (capi l la ry  

moisture, ice,  vapor, and air) may  be determined from the relat ion 

o, I = [ Iv  bi P~ = ~0 u~, (2) 

where bi is the degree of fi l l ing of pores and capi l lar ies ,  or the ratio of the volume of the i - th  bound substance to the 

pore volume*; 

rmax 

FlY= S [v(r) dr; 
r O 

is the volume porosity of  the body; fv(r) is the different ial  pore distribution curve. The re la t ion Ebi 1 holds 

�9 i 

'" U i ~ U~). for bi. It should be noted that  (2) wil l  not be val id  for the moisture of  the physico - chemica l  bond (a 4 ~ w i, 

The equal i ty  w i = c@ u i = u i, and hence (2), can be assumed only for typica l  capi l lary-porous mater ia ls  with a smal l  hy-  

groscopic moisture content.  

For the molar  (hydrodynamic) motion of moisture (liquid, gas or vapor) through the pores that occurs in f i l t rat ion 

processes the flow density of the i - th  substance is 

Ji mol = I-Is Pi biwi, (3) 

*In f i l t rat ion theory b i is ca l led  the saturation. 
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where II S is the surface porosity of the body, or the ratio of the area of al l  the pores (holes) to the area of the cross sec-  

tion in a direction perpendicular  to the vector Ji mol .  
rl~aX 

For a polyeapi l lary-porous body l-Is ~ S f s ( r ) d r ,  where fs(r) is the differential  distribution curve of the surface 
go 

porisity of the body with respect to the radius of the pores. For homogeneous bodies the surface porosity 1I S is approxi-  
ma te ly  equal to the volume porosity IIv(11 V = II S = i-I). 

Strictly speaking, the b i in (3) is different from the b i in (2). However, when II V = II S = II, b i will  denote the de-  
gree of fi l l ing of the pores of the i - t h  bound substance. Thus we may write 

Ji tool = VI h biwl. (4) 

Relation (4) may be used to determine the flow density of the capi l la ry  moisture in a monocapi l lary-porous body. In that 
case w i = W2cap, where W2cap is the l inear veloci ty  of the liquid in a monocapil lary-porous mate r ia l  under the action of 
the capi l la ry  forces. 

The following circumstance is also important .  Under ordinary conditions, when the pressure of the moist air in the 
pores of the mate r ia l  is only slightly different from barometr ic ,  the mass of the air and vapor in the pores is negl igibly 
smatl  compared to that of the liquid or ice.  Naturally,  this presupposes that the ma te r i a l  is in equil ibrium with the sur- 
rounding moist air, i . e . ,  its moisture content differs from zero. According to Posnots calculat ions,  under normal condi-  
tions for mater ia ls  of maximum porosity (brick, wood, etc.  ) the mass of moist  air in the pores of  the mater ia l  is about 

10"~% of the mass of  liquid corresponding to the equil ibrium moisture content.  Therefore the total  moisture content of 
the mater ia l  u may be regarded as equal to the moisture content of liquid u2 and ice  u3: 

u = ~ u~ = u~ + ua. (5) 
i 

We shall use this relat ion in calcula t ing sources of bound matter  due to phase transitions. 

Differential  equations of mass and heat  transfer. From the law of conservation of mass of bound matter  we obtain 

the differential  equation of mass transfer 

0 (u,V) 
- -  - -  div (J~aif q-J/tool) q- li, 

0x 

where the relat ion 2 li ~ 0 holds for I i .  

i 

Neglect ing shrinkage (T = T0 = const) and making use of (4), we get: 

(6) 

Otl~ 
% - -  - -  d iv  (J/dif + l-I p~ biwi) + I r (7) 

We obtain the differential  equation of heat  transfer from the equation of internal  energy transfer 

OT 
C~o 0 - - ~ - - - -  - -  d i v j ,  + ~.~hd, ~.~ (J~dif + VIpib~w,)civT, (8) 

i i 

i 

stance (c i = dhi/dT); jq is the hea t  flux density due to Fourier- law thermal  conduction (jq = -XVT). 

Equations (7) and (8) form the most general  system of differential  equations of mass and hea t  transfer in cap i l l a ry -  
porous bodies, from which the equations for a number of special  cases may  be obtained: the f i l t rat ion equation, the equa-  
tions of moisture and hea t  transfer in monocapi l lary-porous  mater ia ls ,  and so on. Vapor diffusion in capi l lary-porous 

bodies is determined by the moisture content and temperature gradients: 

Jldif = aml YoV u -F a r m, ~'oV T. (9) 

The flow of cap i l la ry  moisture is proportional to the gradient  of capi l la ry  potent ia l ,  which in turn can be expressed 
in terms of the moisture content and temperature gradients, i . e . ,  the motion of cap i l la ry  moisture can be considered as 
cap i l la ry  diffusion. 

*For a solid the specific heat  at constant volume c V is usually assumed to be equal to the specific heat  at constant 

pressure, Cp, i . e . ,  Cp = c V = c. 
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Consequently, in a porous mate r ia l  with a po lycapi l la ry  structure, diffusion of osmot ica l ly  bound liquid and cap i l -  
lary diffusion may  be represented by a single vector - the flow of diffusion and capi l la ry  moisture: 

�9 a T J2dif:arn2 ~oV u --]- m2 ~oV T.  (10) 

The sources of bound mat ter  I i (i  = 1, 2, 3, 4) may  be expressed as follows. When there are no chemica l  transitions, 
14 = 0 (absolutely dry air is considered an inert gas). When liquid turns into ice,  the ice source Ia may  be determined in 
terms of the ice ratio eice,  the ratio of mass of tee to mass of l iquid and ice  [eic  e = u J u  = ua/(u a + ua)]: 

la Is eice ~o Ou2 Ou . . . . . .  eiceY o - -  ( t 1) 
1 - -  e ice  0 r O "c 

Here it is supposed that the mass of vapor in the pores is negl ig ibly  smal l  compared with the mass of liquid and ice [ul< < 
<< (us + us)]. Source ts (b. = - I i )  may  be determined from (6) when i = 1, by putting OuJil 'r  = 0 in accordance with the 
above reasoning, i . e . ,  

12 = - -  11 = --  div (Jldif "07 jlmol)" (12) 

If transfer of moisture proceeds by means of diffusion (molecular  and capi l lary) ,  then the system of differential  equations 
for mass and hea t  transfer wil l  have the form 

.~_ T Out div(amiYoVU-t--amtToVT)-+ li, (13) 
Y ~  ~ 

OT 
cY~ 0Z " = d i v 0 " v r ) +  ~:.r,I,-- 2jidi+c, vT.  (14) 

t i 

Summing over a l l  i in (13), we obtain 

= 

i 

The value of hea t  transfer due to diffusion of enthalpy 

div (a,niV u + a r  t V T). 

JidifQ V T may  be neglec ted .  
i 

sources I i, 

(15) 

Then, using the expressions for 

we obtain the system of differential  equations of mass and heat  transfer in the final form 

0U 
= d i v  (kll V/l) 2t- div (k,2 V T), (16) 

0 r  

OT 
c O v " = div (/~;2 V T) + div (k;l V u). (17) 

In the zonal  ca lcula t ion  system, coefficients kn ,  k12, k'22, k'21 may  be assumed constant in each separate interval  
Au and AT. Then the system of gqs. (16), and (17) may be written: 

0u 
- -  = k l l  V 2 U -~ k12 V 2 T ,  (16') 
d~ 

OT 
�9 =- k2z v~T Jr- k2, V2u. ( 1 7 ' )  

0z 

Here k~= = !/e(k'2~), kz I = 1/c(k~l) and the coefficients k= and kzl are not equal .  The coefficients kij (i, j = 1, 2) are de-  

termined by the state of the moisture in the mate r ia l .  

Then for the system i = 1, 2 

/~11 = am = ( a m  q- am=), k12 ~ a T --- a m ~, t?7, 

r rl.__~ ~- r12 
1e22 = a --}- am1 r~---k-2 , k21 -~- am1 = aml  ~1 

c s c 

for the system i = 2, 3 
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for the system i = 1, 3 

/{11 a tn  2 (1 - -  ~ i c e )  , k12 ( 1 - -  ? . i ce )  T ~_. = am2, 

f~3.i . 
k 2 2 = a + ( l _ ? . i c e ) a  r r23,  k21 ( 1 - - ? . i c e ) a m 2  , m2 

c c 

= a T r13 
k n  = aml, k12 = am , k2z a @ ml , k,21 = aml rl~ �9 

C C 

._T)ermophysical characterist ics.  The system of Eqs. (16) and (17) describes mass and heat  transfer by diffusion in a 
capi l lary-porous body. The transfer coefficients entering into the system as thermophysical  characterist ics are as follows: 
moisture diffusion coeff icient  (vapor and liquid) a m,  or the sum of the diffusion coefficients of moisture in vapor amt  
and liquid am2 from (a m = am1 + am~), the thermal diffusivity or coefficient  of diffusion of heat  (energy) a, the coeff i -  
cient of thermal diffusion of moisture (vapor and liquid) a T , or the sum of the coefficients of thermal diffusion of moist- 

T liquid aTz  from (a T aTrnl + aTm2). In addition, the following thermodynamic  properties appear: ure in vapor am1 and = 
the specific heat  of the mate r ia l  c and the heat  of phase transition r. 

Consequently, to describe mass and heat  transfer in capi l lary-porous materials ,  the following thermophysica lprop-  
erties must be known: am1, am~., aTml, aT2 ,  a, c and r, i . e . ,  seven given values for each mater ia l .  Instead of these 
seven characteristics,  the following seven may  be taken: am1, am2, 61, 6R, X, c and r, where X= acT, 61 and 6~arethe 
thermogradient  coefficients,  or the ratio of the coefficients of thermal diffusion to the coefficients of diffusion of vapor 
and liquid moisture (61 = a T 1 / a m l ;  62 = aT2/am2) .  The re la t ion between the diffusion coefficients and thermogradient  
coefficients is 

aT ~. _ .~ _ a r l  + a . r 2  a , n l ~ l + a m 2 %  (18) 

am aml 27- am2 aml q-  am2 

The thermophysical  properties am1, am2, 61, 52, X, c and r are determined by exper iment .  The coefficients of moisture 

diffusion am are usually determined by drying samples of moist  mate r ia l  in an atmosphere of moist  air, and the coeff i -  
cients of liquid diffusion amz by immersing samples of moist mate r ia l  in water. The exper imenta l  determinat ion of the 
thermogradient  coeff ic ient  6 is not diffucult;  i t  is numer ica l ly  equal to the fal l  in moisture content for a temperature  

drop of one degree with no moisture transfer (in the steady state), i . e . ,  6 = (Au//XT)j-_ 0. 

The determinat ion of the coefficients 61 and 52 presents some difficulty.  In the hygroscopic region, however, the 

equali ty 6t = 52 = 6 may be considered val id;  this is condit ioned by thermodynamic and molecular  equilibrium between 
liquid and vapor inside the moist  mater ia l .  

In drying processes, which involve typical  unsteady mass and heat  transfer, the coeff ic ient  of thermal  diffusion of 
vapor aTml is replaced by the phase transition coeff ic ient  s, which enters into the expression for the liquid drain (or 
source) 

0u 
12 = - -  I1 = ~ Y o - -  (19) 

0r 
This relat ion is derived from the balance  equation of conservation of mass of liquid in the moist  mater ia l .  The co-  

eff icient  e is equal to the ratio of change of liquid due to evaporation or condensation du i to the overal l  change of moist- 
ure content of the mate r ia l  in an inf ini tely smal l  volume du, i . e . ,  r = dui/du. 

The coeff ic ient  s varies from zero to unity (0 < e < 1). Relation (19) is valid only for unsteady mass transfer. For 

steady mass transfer, (19) gives an indetermtnancy (Ou/ar = 0, s = oo), which when expanded leads to the usual expres- 
sion for a moisture source. 

Using the differential  equations 

we obtain 

Oul = - -  d i v  Jl 4" I1, Ou 
0"~ O'c 

~ = - - d i v h - - d i v ~  ( 2 O )  

(I=)u = const = - -  ( I 1 ) .  --- const = S S ' o - -  

OU 
= d i v j 2  = - -  d i v j l :  (21) 
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For unsteady mass transfer, putting {iUl/aT = 0, we have from (19) and (20) 

e --.~ d iv  j l / ( d iv  Jl -}- div  J2). (22) 

For the one-dimensional  problem (div = O/0x) the phase transition coeff ic ient  is numer ica l ly  equal to the ratio of vapor 
flux to the total  flux of vapor and liquid 

= lh I /(] Jl I q-- [ j21 ), 
in which i t  is assumed that the coeff ic ient  r is a constant. 

(23) 

If(19) is substituted for I~ = - I  I in the system of differential  Eqs. (18) and (14), Eqs. (16) and (17) are obtained,  in 
which the coefficients kij (i,  j = 1, 2) are determined by*: 

k n = a m  = am---L~ k12= ara2 ~ = a m g ,  (24) 

k22 = a q -  ~. r~l am ~, k21 = ~ r21. ~ am. (25) 
c c 

Thus, mass and heat  transfer in a capi l lary-porous body will  be described by the system of different ial  Eqs. (16) and (17) 
along with the thermophysical  characterist ics am, a, 6, e, c and r, i . e . ,  six given values for the given moist  ma te r i a l .  

Introducing the coeff ic ient  ~ thus reduces the number of thermophysicaI characterist ics from seven to six. In the 
hygroscopic region this is equivalent  to assuming the equal i ty  61 = 63 = 6. This system of characterist ics is less general  
than the first, however, because i t  is valid only for unsteady mass and heat  transfer. 

Boundary conditions. Buildings are essential ly systems of contiguous moist  capi l lary-porous bodies. We may assume 

approximate ly  that at  the surfaces of contact  between the moist  bodies equal i ty  of the moisture Jk and heat  qk fluxes ob-  
tains, together with equal i ty  of moisture and heat  transfer potentials  (0, T), i . e . ,  

Js : Jk, qk----- qk+l, (26) 

Ok+l = Ok, Tk = Tk§ (27) 

where 0 is the moisture transfer potent ial ,  measured in degrees of mass transfer (DM), and the subscript k denotes the k - th  
layer of moist  mater ia l ,  in contact  with the (k + 1)-th layer .  

There is a relat ion between the moisture transfer potent ia l  0 and the moisture content,  analogous to that between 
enthalpy (heat  content) and temperature,  i . e . ,  

c m = , (28) 
T 

where c m is the specific isothermal  mass capac i ty  (moisture capaci ty)  of the body. 

The thermodynamic basis of the moisture transfer potent ia l  has been given in [4], which also gives tables of specif-  
ic mass capac i ty  for a iarge number of moist  mater ia ls .  Methods have now been developed for exper imenta l ly  de termin-  
ing the moisture transfer potent ia l  for various moist mater ia l s .  

Mass and heat  transfer take p lace  at the boundary between moist  air and the surface of the mate r ia l .  The in te rac -  
tion of the surface of the moist  ma te r i a l  and the air is usually described by boundary conditions of the third kind.  Recent 
work by the author has shown that  boundary conditions of the third kind are incorrect  for unsteady mass and hea t  transfer, 
since the mass and heat  transfer coefficients are functions of t ime .  Boundary conditions of the third kind are valid only 

for steady mass and hea t  transfer. 

*Expression (23) can be used as a basis for deriving the moisture source, as in [1]. It follows from (23) that [Jl[ = 

= (a l l  - o l h l .  Let us denote the unit vectors along Jl and J2 by ln t  and ln~ , respect ively.  We may  then write Jl = lnllJt[;  
h = Xn2lh]. From the different ial  equation of moisture transfer (20) we obtain 70(Su~r) = - d i v  Jl - div Jz = -d iv [ l n t [h ] ]  - 
- div [ln~ljz[] = -d iv (e /1  - OlnllJ,J - div J2. If we put ln l  = ln2 (one-dimensional  problem or equal i ty  of thermogradient  
coefficients 61 = 62) and assume e independent  of the coordinates (zonal  system of calculat ion) ,  we get  70(Su/8~-)=-(s/1-s) 

div Jz - div J2 = - d i v  Jz + sT0(Su/a~'). Consequently, the moisture source 12 = eT0(Ou/{lr ). 
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The outside walls of buildings involve problems of unsteady mass and heat  transfer, and i t  is therefore necessary to 
use boundary conditions of the second kind for a more accurate  representation of the ac tual  transfer process between the 
surface of the mate r ia l  and the surrounding medium.  

--am(V U)s - -ar (vT)s  + j s  (z)= O, (29) 

a T - - X ( V T ) s  -{-qs ( x ) - - r 1 2 ( a m e V  tt q- m2VT)s  = 0, (30) 

where the subscript s denotes the surface of the mater ia l ,  qs(r) is the variable heat  flux at the surface, or the sum of the 
radiant and convective heat  fluxes, and is(r) is the variable moisture flux at the surface. 

Therefore, to describe the interrelated mass and hea t  transfer between moist building mater ia ls  and the surrounding 
medium,  the following thermophysical  characterist ics must be known: transfer coefficients a, X, a m, amz, a T ,  aT1, the 
specific heat  and mass capac i ty  e and c m, and the specific heat  of phase transition. When ice is present, the ice  ratio 
eice must also be known. Interact ion with the surrounding medium is described by the dimensionless Kirpichev numbers 

Kiq(~) = qs ( ~ ) /  andKim(~) = is (z)~/ , (31) 
k T~ am Y0 tte 

where l is a character is t ic  dimension; T c is a character is t ic  temperature:  and u e is the equilibrium moisture content.  In 
most cases Kiq(1-) and Kim(r  ) are per iodic  functions of t ime  and are determined by the parameters  of the surrounding 
medium (temperature,  humidity,  and veloci ty  of the air, and the intensity of radia t ive  hea t  transfer). 

Finally, i t  should be noted that in certain special  cases the system of differential  Eqs. (16), (17) may be s impl i -  

f ied.  For example ,  in the region of the moisture state the system may  be written as: 

Ou T 
- -  a m V 2 u --1- a m v 2 T ,  (a2) 

0z 

OT ( f l O a T )  
Oz = a--l- c ml V =T" (33) 

The last equation is the usual Fourier heat  conduction equation with the thermal  diffusivity aeq = a + (rla/c)aTrnr When 
fi l trat ion mass transfer is present, determined by the relat ion j f  = -kfVp,  where kf is the coeff ic ient  of f i l trat ion moist  - 
ure transfer, the system of differential  equations of hea t  and mass transfer will  have the form 

0tl 
r V T + a~ V P), (34) Oz = d i v ( a m v u + a  m 

C~Yo Op _ _ d i v ( k ~ v p )  q _ l l  ' (35) 
O: 

2 
OT 

div Q,V T) q-- rift2 -~ E khci v T v P, (36) c% 0": 
i=1 

where af is the convect ive diffusion coeff ic ient  (af = kf/cf~0); cf is the capac i ty  coeff ic ient  of moist  air in the porous m a -  
terial ,  determined by the relat ion d(ul + u4) = cfdp. Here we neglect  enthalpy transfer due to diffusion of moisture.  

This system of Eqs. (34)-(36) may also be s implif ied and reduced to a system of differential  equations of the fol-  
lowing type*: 

= 2 _ j d i v ( k i N ~ ) ;  i, ] = I, 2, 3, (37) 
a~ ] 

where "-~i = u, 8- 2 -- T, &s = P. 

The coefficients kij are functions of u and T, and system of differential  gqs. (37) is solved for given thermophysi-  
cal  characterist ics using computers.  Therefore the first task of building heat  physics is to develop exper imenta l  methods 

for determining the thermophysical  characterist ics of moist building mater ia ls  as a function of the moisture content and 
temperature .  

*A detailed derivation of this system is given in monograph [2], together with a number of solutions for various 
boundary conditions. 
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NOTATION 

w i - v o l u m e  concen t ra t ion  of i - t h  bound substance; T - vo lume  concen t ra t ion  of skele ton of m a t e r i a l ,  or the rat io  

of  mass of  skele ton to vo lume  of m a t e r i a l ;  Pi - density of  i - t h  s tate of mois ture ;  u - to ta l  mois ture  conten t  of m a t e r i a l ;  

w i - average  l inear  ve loc i t y  of mola r  ( f i l t ra t ion)  mot ion  of i - t h  substance;  r - t i m e ;  T - t empera tu re ;  J id i f  - diffusion 

current  density of i - t h  bound substance;  I i - source strength of i - t h  bound substance due to phase transitions; X - t he rma l  

conduc t iv i t y  of  mois t  m a t e r i a l ;  e - spec i f ic  hea t  of m a t e r i a l ;  r - spec i f ic  hea t  of phase transi t ion;  a m - diffusion coeff i -  

c i en t  of  mois ture  (vapor and liquid) in mois t  m a t e r i a l ;  am1 - diffusivi ty of water vapor (diffusivi ty of  vapor in mois t  m a -  

ter ia l ) ;  am~ - diffusivity of  l iquid  water  (dif fusivi ty  of l iquid  in mois t  ma te r i a l ) ;  am1 and am~ - r e spec t ive ly ,  c o e f f i -  

c ients  of  the rmal  diffusion of  vapor and l iquid  in mois t  m a t e r i a l ;  p - to ta l  pressure inside mois t  m a t e r i a l .  Subscripts: 

1 - water  vaporl  2 - l iquid ;  a - mois ture  in third state ( ice) ;  4 - iner t  gas (dry air);  0 - skele ton.  
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